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For arbitrary constants ¢,, ¢, and an arbitrary smooth
functions f the driven anharmonic oscillator dZu/de®+
¢, du/dt +c,u+u’ = f(t) cannot be solved in closed form. We
apply the Painlevé test to obtain the constraint on the con-
stants ¢, , ¢, and the function f for which the equation passes
the test. We also give the Lie symmetry vector field and first
integrals for this equation.

For arbitrary constants ¢,, ¢, and an arbitrary
smooth function f the anharmonic oscillator
d?u

H_dtz +c

du

= +eu+ud=f(1) (1)

cannot be solved in closed form.

We apply the Painlevé test [1, 2, 3] to obtain the
constraint on the constants c¢,, c, and the function f
for which (1) passes the test. The constraint on ¢, and
¢, gives an algebraic equation and the constraint of f
is a linear differential equation. We solve these equa-
tions and give the Lie point symmetry and the first
integral for this special case of (1).

Let us first discuss the Painlevé test for (1). A re-
mark is in order for applying the Painlevé test for
non-autonomous systems. The coefficients that de-
pend on the independent variable must themselves be
expanded in terms of t—t,, where ¢, is the pole posi-
tion and we use the identity t =(t—t,)+¢,. If non-
autonomous terms enter the equation at lower order
than the dominant balance the above mentioned ex-
pansion turns out to be unnecessary whereas if the
nonautonomous terms are at dominant balance level
they must be expanded with respect to t—t,. We
assume that f does not enter the expansion at domi-
nant level.
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Before we study (1) we give a brief review of the
special case
d?u du

P

a2 +cu+u=0, (2)

where ¢, and c, are constants. Equation (2) is con-
sidered in the complex domain with ¢, and ¢, real. For
the sake of simplicity we do not change the notation.
Inserting the Laurent expansion

u@)= 3 at—t)'", )
j=0

where t, denotes the pole position, yields n=1 and
a3 = —2. The expansion coefficients a,, a,, and a, are
determined by
3a,a,=c,, 3a,ay=-—c,—3a},
4ay=c,a,+c,a,+aj+6aya,a,. @
The expansion coefficient a, is arbitrary in expansion

@3) if
2c2—9¢,)=0. )

This means r =4 is a so-called resonance (compare
[1, 2, 3] and references therein). The solution ¢, = 0 is
the trivial case. To summarize: If 2¢2=9c¢,, then the
general solution of (2) can be expressed in terms of
Jacobi elliptic functions. For this case (i.e. 2c?=9c¢,)
we can find an explicitly time-dependent first integral,
namely

2
I(r,u,ﬁ}=cxp(%clt)((ﬁ+c—;?-) +%u4). ©)

If condition (5) is satisfied, then (2) admits two Lie
symmetry vector fields %)

Z—a Z,= 1 ex i Ld u£+ex R
15 22T T3 G ) w TP\ e

Let us now consider (1). Inserting the ansatz
u(t) = E.o w;(t) p (Y " ®)

with n=1 into (1), we find at the resonance r=4 the
condition

d
=27V —2d—{— 27}/ —2¢, f—18¢c,ci+4c;=0. (9)
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Since |/ —2 is imaginary and ¢, and ¢, are real, it
follows that (9) decomposes into two equations,
namely

%fT +c¢, f=0 (10)
and condition (5). The general solution of (10) is given
Y f=ceen. (11)
Consequently,

d?u du :
F+c1 —a?+§clu+u =Cexp(—c,t) (12)

passes the Painlevé test. Equation (12) admits one Lie
symmetry vector field, namely Z, given by (7). Now

[1] W.-H. Steeb and N. Euler, Nonlinear evolution equations
and Painlevé test. World Scientific Publishing, Singapore
1988.

[2] N. Euler and W.-H. Steeb, Continuous symmetries, Lie
algebras and differential equations, Bibliographisches In-
stitut, Mannheim 1992,

[3] W.-H. Steeb, Invertible point transformation and nonlin-
ear differential equations, World Scientific Publishing,
Singapore 1993.

Notizen

(12) can be derived from a Lagrangian function

L, u,t)=e"(3*—V(u,1), (13)
where
Vi, t)=3ciu’+ ;u*— Cue™ . (14)

Thus we can apply Noether’s theorem to find a first
integral from the Lie symmetry vector field Z,. We
obtain

1(t, u, 1) (15)

4 2
= exp (gcﬁ) ((u + %E) +%u“*26u e"").

We used REDUCE [4] and C+ + [5] for most of the
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